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LIE DERIVATIVE, KILLING EQUATION AND KILLING VECTOR
FIELDS IN SPACETIMES STRUCTURE

Min Thaw Tar®, Naing Naing Wint Htoon?, Yee May Thwin®, Thant Zin Naing*

Abstract

Attempts have been made to explore the physical properties of black hole mechanics such as
Killing equation and Killing vector fields and its applications to Minkowski spacetime, static
spacetimes and spherically symmetric spacetimes. As the situation dictates, Mathematica software
is used to utilized for detailed computations and visualization of the results.
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Introduction

The Lie derivative evaluates the change of a tensor field, along the flow defined by
another vector field. This change is coordinate invariant and therefore the Lie derivative is
defined on any differentiable manifold. Functions, tensor fields and forms can be differentiated
with respect to a vector field.

Killing fields are the infinitesimal generators of isometries; that is, flows generated by
Killing fields are continuous isometries of the manifold. More simply, the flow generates a
symmetry, in the sense that moving each point on an object the same distance in the direction of
the Killing vector field will not distort distances on the object.

The Lie Derivative

With or without the covariant derivative, which requires a connection on all of spacetime,
there is another sort of derivation called the Lie derivative, which requires only a curve.

Let C: R — M be a curve in M with tangent vectors, & = dd_/i , With components

o dx* 0
£=¢ ox*  OA ox* @
The Lie derivative generalizes the directional derivative of a function,
df u Of
= = 2
da d ox* (2)

to higher rank tensors. First, consider a vector field, v, defined on M. One defines the Lie
derivative of v at a point P along C to be

L.v = lim v(P+&&)-v(P)
f -0 &€

©)

where v(P + &) is the Lie transport of v along the curve. For simplicity, let P = C (4 = 0). Lie
transport involves taking the value of the vector field at a point on C, say, v (1), and performing a
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coordinate transformation to bring the point C (1) back to P = C (0) (Adler.R, Bazin.M,
Schiffer.M, 1975). The coordinate transformation one require is, for infinitesimal 1 =¢,

y* =x"-&"(0) (4)

The components of v change as

70) = v (D) 25 )
=V O + &) (655 -0,
V) + &40 v (0)] (55 - a0,&%)

=v*0)+&£“o, v (0)-¢ Vﬂ(O)aﬂf”‘ (6)

The derivative is then

v(P+&)-Vv(P)

L.v=Ilim @)
-0 <
. V*(0)+&£"o v* (0)—-ev’ (0)o 46 —v(0)
L.v=¢£40,v*(0)—v” (0)0 ,&° (8)

An easy proof of the covariance of this result is that it equals the commutator of the two vectors,
L.v=[£V] )
which has the same form when £ and v are expanded in components,
[EV]=[£70,,v/0,] (10)
= E°OV"0, —V"0,£%0,
= (£70,v" —v"0,6)9, (L)

The generalization to higher rank tensors is immediate because derivations must satisfy the
Leibnitz rule ( Hawking S.W, Ellis G.F.R, 1973) .Thus, for an outer product of two vectors,

T =uy“v” (12)

one has
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LT =L, (u*v’) (13)
LT = (Lu )V +u” (L")
LT =(&"8,u" —u”0 £V +u” (&0, v* —v“0 &7
LT =&£%0,(u™v") —uv’9 &% —uv*o &’
LT =40, T -T%0 & -T%0 & (14)
and so on for higher ranks, with one correction term, —T“~*#9 &', for each index .
For forms, one uses the directional derivative of a scalar,

Lg=¢ 2% (15)

together with ¢ =v“w,_, for arbitrary v¢,

P o(viw,)
ox*

é": - Ls‘ (Vawa) (16)

&N IW, +viEHo w, = (Lv)w, +viLw,
ENO N )W, +VED W, = EP (0 v )W, —V7(D,E" )W, +VILwW,
VeED W, =7 (0,E7 )W, +VvILw,
VLW, =VIERD W, +V7 (0,57 )w, 17)
Since this must hold for all v*,
L.w, =&“0,wW, +W,0,&" (18)

Symmetries of Minkowski spacetime

Consider flat spacetime, for which the metric is Minkowski, 77,,,. In Cartesian coordinates,
-1
Nuy = (19)
1

and the Christoffel connection vanishes, I'“,,=0. Then one may replace the covariant
derivatives by partial derivatives, and the Killing equation is simply

é:a,ﬁ + é:ﬂ,a =0 (20)

Taking a further derivative, one has
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é:a,ﬂ,u + é:/i’,a,u = O (21)

Now, cycle the indices twice, to give

é:a,ﬁy + éﬂ,a,u = 0 (22)
Sgﬂ,,m"'é:ﬂ,ﬁa =0 (23)
SZ,U,aﬂ + é:a,,,ﬂ =0 (24)

Adding equation (31) and (32) and subtracting equation (33) one finds

0= G T St Spopa Supe ~ Suvap ™ S
0=¢,4., (25)
so that the second derivative of £, vanishes. This means that &, must be linear in the coordinates,
&, =a, +b, x’ (26)
Substituting this into the Killing equation,

0 = é:a,ﬁ + gﬂ,a (27)
0=b,, +by, (28)

so that a, is arbitrary while b, , must be antisymmetric. One therefore finds exactly 10 isometries

in Minkowski space. This is the maximum number of independent solutions to the Killing
equation. The static, spherically symmetric Schwarzschild solution had one timelike Killing field
and three spatial rotational Killing fields for a total of three. A generic spacetime has no
isometries (Schutz. B. F, 2009).

Static, Spherically Symmetric Spacetimes

One may now say what one means by a static, spherically symmetric spacetime. To be
static, there must be a timelike Killing vector field; to be spherically symmetric, one require a full
set of three rotational (hence spacelike) Killing vectors. one use the Lie derivative to say restrict
the form of the metric for a static, spherically symmetric spacetime. If one want a statics
spacetime, it means that one want there to exist a timelike Killing vector field. Choosing the time
coordinate to be the parameter t = A, the symmetry condition becomes

0= Lfga[g (29)
= fﬂauga[)’ + aafuguﬁ + aﬁfugau
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However, with x® = t = A, the components of & are constant, so that

9, =0 (30)
Therefore,
0= ¢"0,9qp (31)
0
= % (gaﬁ )

and we have a coordinates system in which the metric is independent of the time coordinate.

For the spherical symmetry, we know that we have three rotational Killing vector fields which
together generate SO(3). We can pick two of these for coordinates, but they will not commute
with one another, so the metric will not be independent of both coordinates. Starting with the
familiar form

d d
51=YE—Z@
d d
Sp=z5-— x>
d d
53=x@—}’a

it is natural to choose one coordinate, ¢, such that
] ] ]
305y Vo (32)

is a Killing vector. To describe a second direction, we want a linear combination of the remaining
two rotations,

a(p)é + B(@)é; (33)

and we want this to remain orthogonal to&;,

0 = (&5, a8, + BEy) (349)
by b5 ) ol E)
bz o) <6 (g 3)
albg-og) il 5
B

= (g ) - (7
= azx 3y’ 3y Bzy ox’ Ox
= —z(ax + py)

= —r sinfz (a cos ¢ + P sin @)
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To get zero, one can take
a =sin @

B = —cos@
Then we have

§4,=¢&sing + &, cos¢ (35)
. d d 0 d
= Sln(p(ya—za) — COS(p(Za—xa)

0 0 0 d
=sinw(rsin@sinq)a—rcosea)—cosgo(rcosga—rsinecosgo&)

0 0
= rsinf sin @ E—rcos@sinq)@—rcosq)cose a+rsin9cos<p EP

d . d _ 0
:—cos@(rcos<p£+rsm<p@)+rsm0£
:—cosH(xaa—x+y%)—rsin0%

Compare
0x " Tor ZEryE17 06 x2+y? 0 (36)
ox r or mrz 90 x2+y? 39
:Sin9505¢i+lcosﬁcos<p 0 _1sing 9
or r 96 1 sinf dg
d _yod 1 yz 0 « @
ay ror ' meyEria0  x4yldp (37)
dy ror m;dag X2+ y20¢
=Sin951n¢—+lcosesingo i+lcos¢i
or r 06 1 sinf dg
9_z0 Jx¥+y'o -
0z ror 2 90
0 sinf 0
=cos€5—7%
S0 we have
0 bl 9
bo = —cosd (e 4y ) sind (39)

d 0 0 0
= cos6 (r sin @ cos?¢ 5, T cos 0 cos? Fr R sin@ sin? @ 50t cosfOsin?¢ %>

0 sin@ 0)

— r sin@ (cosH % or 29

=1 sinf 96+ 296 in 0 96+'29
=7 5inf cos 6 =+ cos® 0 —rsinf cos 6 -+ sin’ 6 —
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. 0 5, 0 . 0 s
= r sinf cos@ — + cos“0 — — r sinf cos@ — + sin“ —

or a0 or a0
= cos?0 30 + sin?0 ;—9
d
~ 90
We may therefore take two of the Killing vectors to be
d
$4 = % (40)
d
§3 = 70 (41)

giving two coordinates, 6, ¢, corresponding to symmetry directions. Since these do not commute,
the metric cannot be independent of both.

Static, Spherically Symmetric Spacetimes

One may now say what one means by a static, spherically symmetric spacetime. To be
static, there must be a timelike Killing vector field; to be spherically symmetric, one require a full
set of three rotational (hence spacelike) Killing vectors. one use the Lie derivative to say restrict
the form of the metric for a static, spherically symmetric spacetime. If one want a statics
spacetime, it means that one want there to exist a timelike Killing vector field. Choosing the time
coordinate to be the parameter t = A, the symmetry condition becomes

0= Lfgaﬁ (36)
= fﬂaugaﬁ + aafuguﬁ + aﬁfugau

However, with x° = t = 4, the components of £ are constant, so that

0,8 =0 (37)
Therefore,
0= ‘f“augaﬁ (38)
d
= a (gaﬁ )

and we have a coordinates system in which the metric is independent of the time coordinate.

For the spherical symmetry, we know that we have three rotational Killing vector fields
which together generate SO(3). We can pick two of these for coordinates, but they will not
commute with one another, so the metric will not be independent of both coordinates. Starting
with the familiar form

90
fl_yaz Zay
0 d

Sp=z5-— x>
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: d
= X— —
3 ay
it is natural to choose one coordinate, ¢, such that
9 _,92_,9
dp - xay yax
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0
yax

(39)

is a Killing vector. To describe a second direction, we want a linear combination of the remaining

two rotations,

a(p)éy + B(@)é: (40)
and we want this to remain orthogonal to&;,
0 = (&, aé; + BEL) (41)
d d d d a a
=g -va(vs-25) +h (25— x3))
=x{galvz -5 48 (527,
=5y Vaz %5y) TP e %5
o R Gt
Yox®\Va,7%5,) VP \%5x ~*a;
_ <6 6> <0 6>
~ oy %%y yax'ﬁzax
B <6 6> <6 6>
- e oy’ 0y pzy ox’ 0x
= —z(ax + By)
= —r sinfz (a cos ¢ + B sin @)
To get zero, one can take
a=sin @
B = —cos@
Then we have
$a =&y sing + ;5 cos¢ (42)

. ] ] 2 a
=sing(y5;;— 25 ) —cose(z-—x

=sinw(rsin@sin<p:—z—rcost9:—y)—COS(p(rcosH:—x—rsinBCOMp%)
= rsinf sin ¢ ——rcosHsingoi—rcompcosH — +rsinf cos @ i
0z dy 0x 0z
= —cosH(rcos<p1+rsin<pi) +rsin6?i
0x dy 0z

d i . i
= —cosH(xa+y£)—rsm9 P



J. Myanmar Acad. Arts Sci. 2020 Vol. XVI111.No.2B 127

Compare
d x 0 1 xz 0 y d
o x0, 1 xo0 Y 9 (43)
0x 1 or [yZxyzr?d0 x%+y? ¢
. 0 1lsing 0
= sin @ cos ¢ a+;c059cos<p %_;sinH%
Jd yoa 1 vz 0 X 0
LA S A (44)
dy ror [x2 4927200 x*+y*?d¢
. _ 0o 1 _ 0 1lcosp 0
=sinfsing §+r—c05051n<p ﬁ-l_;sineﬁ
0 _z0 Jx*+y'o (45)
dz ror r2 06
d sinf 0
=cos0 5 =38
so we have
d d .0
&, = —cos6 (xa+y$) +r5m9a (46)
= cosf (r sin @ coszqai + cos 6 coszgoi + 7 sinf sin? ¢ 9 + cos@sinzgoi)
or a0 a0 a6
] d sinf o0
— 1 sinf (cos@a— 3 %)

=r sinf 96+ 296 in 0 96+'29
= 75ind cos 6 =+ cos* O = —rsinf cos 6 =+ sin* 6 —

. 0 5, 0 . n
= r sinf cos@ — + cos“0 — — r sinf cos@ — + sin“ —

or a0 or a0
= c0s%0 — + sin%6 9
a0 a0
0
~ 90
We may therefore take two of the Killing vectors to be
0
$4 = % (47)
0

$3 = 70 (48)

giving two coordinates, 6, ¢, corresponding to symmetry directions. Since these do not commute,
the metric cannot be independent of both.
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Figure 1 The typical visualization of the gradient of a vector field &,

Figure 2 The typical visualization of the gradient of a vector field &,
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Figure 3 The typical visualization of the gradient of a vector field &3

Concluding Remarks

In this paper, attempts have been made to explore the interesting physical properties of
spacetimes structure. Lie derivative , Killing field equations and utilizations of these are also
been presented. The symmetry of Minkowki spacetimes, static spacetimes and spherically
symmetric spacetimes have been analyzed. The symmetry nature of the vectors fields are
visualized with Stream Density Plot by using Mathematica.
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