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PHANTOM SCALAR FIELDS AND ITS PHYSICAL
IMPLICATIONS

Tin Tin Htay', Thant Zin Naing?

Abstract

Equations of state are utilized to explore the possible constrains on dark
energy models and their relevant physical quantities such as density
parameter, pressure and etc., are investigated. As the situation dictates,
physical interpretation and visualizations of the results obtained are
performed.
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Introduction

Cosmological models have developed with complex potentials and
have shown that they are rather convenient for the description of the so called
phantom cosmology, including such an enigmatic phenomenon. Phantom
energy is a hypothetical form of dark energy satisfying the equation of state
with w < —1. It possesses negative Kinetic energy, and predicts expansion of
the universe in excess of that predicted by a cosmological constant, which
leads to a Big Rip. To obtain w < —1, phantom field with a negative kinetic
term may be a simplest implementing and can be regarded as one of
interesting possibilities describing dark energy.

All these models of scalar fields lead to the equation of state parameter
w greater than or equal to minus one. It is therefore important to look for
theoretical possibilities to describe dark energy with w < —1 called phantom
energy. Phantom thermodynamic leads to a negative entropy (or negative
temperature) and the energy density increases to infinity in a finite time, at
which point the size of the Universe blows up in a finite time. This is known
as the Big Rip. As mentioned above the equation of state parameter with super
negative values leads to Big Rip which can be avoided in a particular class of
models. Phantom states are unphysical states since they have they have a
negative kinetic energy and therefore these states roll up the potential. This
process will go on to infinity, unless the state reaches a maximum of its

! Tecturer, Department of Physics, University of West Yangon.
% Retired Pro-rector (Admin), International Theravada Buddhist Missionary University,
Yangon.



198 J. Myanmar Acad. Arts Sci. 2019 Vol. XVII. No.2B

potential. If the phantom potential has no maximum, the phantom energy is
rolling up to infinity which leads to a curvature of the universe growing to
infinity in a finite time. The phantom fluid will rip everything apart. The
phantom energy becomes the dominant force that will overrule all known
fundamental forces. This scenario is called the Big Rip. This Big Rip
singularity can be avoided if the potential has a maximum.

The physical properties of phantom energy are rather weird as they
include violation of the dominant energy condition and increasing energy
density with the universe expands in a super accelerated fashion, so as the big
rip and the possibility for a big trip. The energy density of phantom energy
increases with time. The phantom energy density becomes infinite in finite
time, which will rip apart the universe. By assuming a particular relation
between the time derivative of the phantom field and the Hubble function, an
exact solution of the model is constructed. The scale factor ‘a’ and the
Hubble parameter ‘H’ reach infinity in finite time and the universe ends in an
explosive ‘big rip’, a final singularity in which the universe is destroyed in a
finite proper time by excessive expansion. Comparing such model with the
current cosmological observations shows that its predictions are consistent
with all astrophysical observations.

The exact solution for a phantom scalar field with an exponential potential

The dynamics of the cosmological evolution is characterized by the
Hubble variable

a
h=—
a

Where a is the cosmological radius of the universe.
Using the exponential scalar potential energy density:
V(g) = VOeM’

The parameter A will ultimately determine the resulting cosmology of the
system. It will determine whether or not the system is acceleration and what
species will be dominant at a particular time.
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Power law is designed to self- consistently solve for the evolution of
scalar fields and the scale factor in an expanding universe. In some cases,
however, it may wish to solve for the behavior of a set of fields in a universe
dominated by other forms of energy, e.g. pure matter or radiation. Exact
solution of the field equations are obtained by the assumption of power-law
form of the scale factor.

In standard cosmology, these results, when combined with the latest
CMB data and clustering estimates, are used to make out a case for a universe
in which accelerated expansion is fueled by a self-interacting, unclustered
fluid, with high negative pressure, collectively known as dark energy, the
simplest and the most favoured candidate being the cosmological constant A.
Such a discrepancy between theoretical expectations and empirical
observations constitute a fundamental problem at interface of astrophysics,
cosmology and particle physics.

Also using a power law for the scale factor a , as well as the following
ansatz for the scalar field:

a = agt”
Suppose that the scalar field has a time dependence,
¢(t) = ¢poIn(t) + ¢4
The Hubble parameter can be written, thus
a k
H = —_= —
a t
Also, rewriting the scalar potential:
V = VythtPoelts
Thus, computing the elements of the Klein-Gordon equations:
¢ = e

e d)
b=-t
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Klein-Gordon equation acquires the form,

$ +35¢ +AVer® =0 (1)

_@_ _3< )¢0 Vltl¢oeﬂ¢1
t2 t

But, o = —>
_ 2(3k-1) WoetP1

A t2 t—l(—%) -
6k 2
==zt V VoetP )

Considering the phantom scalar field with a negative kinetic term, we shall
have the following Friedmann equation,

22 2
S =L vt (3)

a2

The Friedmann equation gives how

Z—z = — %2 + VOe
(- -85+ e
k% = —A—z + Voetdr (4)
Combining eqgn (2) and eqn (4),
K2 = i—’;" ®)
1Al < 3v2

Thus, to solve the equation, we can have k =§ , which is the law of

expansion of the universe filled with stiff matter or massless scalar field,
which in turn, means that I/, = 0.

Substituting eqgn. (5) into the relation eqn. (4),
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Figure 1:  Variation of scalar field ¢, with A

The particular exact solution for the phantom case

We shall look for the solution of the phantom scalar field, which
depends logarithmically on the cosmic time t, while the scale factor
undergoes a power-law expansion (or contraction).

The explicit form of the exact particular solution,
() = poInt + ¢,

If we would like to consider an expanding universe, then the solution will be,
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2(18+12%)

$(t) = =2In(=t) +31n [T

where t is running from —oo to 0. The Hubble parameter is now

k
) === —
a —t
-5
VT

()

(8)

Thus, the formulae (7) and (8) describe a cosmological evolution which
begins at t = —co and ends at ¢t = 0, encountering a Big Rip singularity.
However, another particular solution describes a cosmological evolution
which beginsat t = 0 and ends at t = oo, phantom field leads the universe to

accelerate its expansion.

Figure 2: 3D variation of ¢ (t) with the time ¢t and A
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Figure 3:  Contour profile of scalar field ¢ (t)

The general exact solution for the phantom case

We shall introduce the now variables v and u, such that

a3 — ev+u (9)
¢ =AW -—uw) (10)
a=2 (11)

3

where A4 is a coefficient to be defined.

The Friedmann equation is

However, because of the negative sign of the kinetic term in the right-hand
side of the Friedmann equation,

a? = (ev+u)§’ a2 = %(U + u')Z(ev+u)2/3’ ¢')2 — A2(1'7 _ u)z
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We get, u? +v?% = gVoe’W’
It is convenient now to introduce a complex variable
1 . __ 1 .
ZEE(U-i-lu),Z:E(U—lu)
Now eqn. (12) looks like, z z = EVOeM’
where “bar” stands for the complex conjugation.
r— 1 ! sl - _ 1 ’ .
However, z =ﬁ(v +iv'), z =\/_E(v —iu')
We obtain, z'z' =1
Rewriting the Klein-Gordon equation,
LG N
¢ +3—¢ — Ve $=0
and taking into account the above relation (15) we come to

Z”+@[z’2(1+@)—i V22 =0

6

Introducing the function f such that

g =1L
a f
where , = \/5(21—0 (1+ ‘/?i)

From eqn.(16),

f+(1+£§’2+G;—1)=0

Introducing a new variable, x = z’
Now, the Klein-Gordon equation is
X+ (14202 4 (F 1) =0

Where, x = — r
(1+—) f

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)
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X

;1 [ff”—f’z]

- V22 2
oL

Differentiating with respect to time and the value of x and x’, eqn.(19) yields
n Az
fr-(1+5) =0
The auxiliary function f satisfies the following equation,

fr—R2f =0 (20)

— /12
where , k= [1+—
18

The general solution of egn. (20) is

- eBy

We have defined f=FeF"+ Ge ™™ (21)
(See Appendix)
Using eqn.(17), z' = %f—’
a+
1 af
dz = —
f (1+%)f f
1
zZ= Inf +z
Mt
zZ= (1;/2) In(Fe*® + Ge %)+ z, (22)
6

Using the relation eqn.(22) we can analogously find

1

Z= ey In(Fe*® — Ge ™)+ z, (23)
6
p=Az—-12), A=L

3
Substituting eqn.(22) and eqn.(23),
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$(r) = \/?E (1;@) In(Fe®™ + Ge %) + z, — @ln(Feﬁ —Ge ™) + z,
6 6
V2 - 1 % _% 1 — =
¢(T) = 3 (ZO + ZO) + mln(Fe’“ + Ge™FY) — @IH(FEKT —Ge KT)]
6 6

Figure 4: The spherical plot profile of field function z
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Figure5:  The spherical plot profile of field function Zz

First, the case G = 0, F # 0 gives the first particular exact solution
(egn. 7) as it should be and in complete analogy with the hyperbolic case. We
get,
V2

?(Zo —Zy) = _Wln |f]

The case F =0, while G # 0gives the second particular exact solution,
describing an infinite contraction of the universe, which begins at the anti-Big
Rip singularity.

Now, we consider the case when both the constants F and G are different
from zero.We can choose one of these constants, say F = 1 while G = i.
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— \/E =3 2\/2 F,—2KTY __ 2\/5 —2KT
¢(T) = —?(ZO—ZO)-len(l'i—le ) 6—\/— 11’1(1 )
— 24 1 In(1 i 5 —2KT 36\/2
¢(T) = 92 nIfI + n( + le )m‘i— const

2
= :_?lnlfl In(1 + le_z’”) + const

Now, we can find the expression for the scalar field

o) = —l lf]— argf + const (24)

When t — —oo the field ¢p = 400, while when 7 — +oo the field ¢ - +o0
again. Thus, the beginning and the end of the cosmological evolution are
characterized by a positive infinite value of the scalar field and, hence by the
positive infinite value of the potential V.

The complete cosmological evolution involves a finite period of the
cosmic time t. This solution beginning from “anti-Big Rip” singularity and
ending in the Big Rip singularity, passing through the point of minimal
contraction was not considered in this paper devoted to the study of phantom
solutions with exponential potentials.

In figure (7) we represent two particular exact solution and a typical
example of general solution for the phantom case.

Figure 6: 3D variation of ¢ (t) with f and 4
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Figure 7: The phase space diagram ¢, m, where m stays for the velocity
m = ¢.Two straight line trajectories describe two particular
solutions, corresponding to the expanding and contracting universe.
The curve line represents a trajectory, belonging to the family of
those evolving from the anti-Big Rip singularity to the Big Rip
singularity, passing through the point of minimal contraction of the
universe.

Results and Concluding Remarks

Attempts have been made to describe the general cosmological
solution with an exponential in contrast to the “old” particular solution for a
phantom scalar field and construct the general solution for piecewise
exponential potential with cusps. One can say that these finite time evolutions
represent the phantom counterpart of the well-known cosmological
evolutions, which begin in the Big Bang singularity reach the point of
maximal expansion and then have a stage of contraction culminating in the
Big Crunch singularity. The contribution of phantom field leads the universe
to reach the critical energy and to accelerate its expansion. The simplest
explanation for the phantom dark energy is provided by a scalar field with a
negative Kkinetic energy. The exact solution of the Friedmann and Klein
Gordon equations are derived by assuming a particular relation between the
time derivative of the phantom field and the Hubble function and then
determine the evolution of the expansion scale factor and the potential from
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it. Our detailed analysis shows that in the model under consideration the
phantom field can be an excellent candidate for dark energy.
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Appendix
The exact solution for a phantom scalar field with an exponential potential

The Friedmann equation is

s 2

12
=== Vge? 3)

a2
From eqn.(9), a3 = eVt

2
a2 — (ev+u)§

% =2 (0 +u)? (") 3

a 1
; = 6 (U + u)

¢ = 42—’
Now, eqn.(3) becomes

1 . A2 :
5(112 + v? + 2uv) = - (W% + v? = 2uv) + Vyet®

The Friedmann equation (3) has now the form
1 1
5(112 + v? + 20v) = —5(112 + v?% = 20D) + Vyer?
u? + v = 2Vet (12)
It is convenient now to introduce a complex variable
1 . _ 1 .
ZE\/—E(U-Flu),ZE\/—E(U—lu) (13)
From eqn.(12),
1,. . 9
S@+v?) = ZVOeM’
i . . . i C N 2 Ap
ﬁ(v + lu)ﬁ(v in) = 4Voe

o1
Z—ﬁ(v+lu)
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-=%(v—iu)

=- (v + u?)
= = X - VOEM)
2 2
Now eqn. (12) looks like, z z = EVOeM’
Another complex variable, =z’ = % (v +iu")
_ 1 P
=5 v —iu")
We obtain, z'z' =1
Introducing the function f such that

fl

f
\/—(1 0

!

VA

1
QIr

V22Ai

where , 1+ )

Now, substituting egn.(15) and eqn.(18) into eqn.(16).We get,

2+ (1+3) 22+ (2 -1) =0

Introducing a new variable, x = z’
x’+(1+“) 2+(Q 1) =0
This Klein-Gordon equation can be satisfied the Raccati form;
__ 1 f
(1+—) f

, 1 [ff”—f’z]
a2l s

Substituting into egn.(19),

2
1 s -1 (1 —)f
= |+ (=0

6

(14)

(15)

(17)

(18)

(19)
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72

14 72
e = By =0 <1+

B 6

57 G

(+==
(=) (i) r=o

6

R e S

n 12

(1) f =
f"—R2f=0
=)
a’f _ _
dr? Zf
df _ _
J-=%x[Fkf
Inf =+xkrt
fzief‘r

f=Fe +Ge™ (21)



