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THEORETICAL AND NUMERICAL ASPECTSOF
GRAVITATIONAL WAVES
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Abstract

It has been attempted to give a brief descriptibgravitational waves and
its underlying physics for both theoretical and evical aspects. First of
all, the theoretical background of long sought gedonal waves (GWs)
and its related connection to astrophysics and otggy have been given in
detail. Then, the accelerating charge, acceleratiags and amplitude of
GWs are theoretically and numerically investigatgthin the framework of
general relativity, classical mechanics and siaistmechanics points of
view.

Keywords. gravitational waves, general relativity, dipoledaquadrupole
moments.

Introduction

Gravitational waves (GWSs) are generated by acaeldrmasses, that
propagate as waves outward from their source apbed of light. They were
predicted by Albert Einsteinin 1916on the basishaf general theory of
relativity. Gravitational waves transport energy gravitational radiation, a
form of radiant energy similar to electromagnetadiation. Gravitational
wave astronomy is a branch of observational astnynibat uses gravitational
waves to collect observational data about sourfetetectable gravitational
waves such as binary star systems composed of wivdefs, neutron stars,
black holes and events such as supernovae andtimation of the early
universe shortly after the Big Bang.

On 11 February 2016, the LIGO and Virgo Scientifiollaboration
announced they had made the first observation a¥igitional waves. The
observation was made five months earlier, on 14&paper 2015, using the
Advanced LIGO detectors. The gravitational wavegioated from a pair of
merging black holes. After the initial announcemém LIGO instruments
detected two more confirmed, and one potentiakitational wave events. In
August 2017, the two LIGO instruments and the Vimggtrument observed a
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fourth gravitational wave from merging black holasd a fifth gravitational
wave from abinary neutron starmerger. Several otjrawitational wave
detectors are planned or under construction.

Gravitational waves can penetrate regions of spabat
electromagnetic waves cannot. They are able taval® observation of the
merger of black holes and possibly other exoticedlsj in the distant
Universe. Such systems cannot be observed with tremfgional means such
as optical telescopes or radio telescopes, andasatagional wave astronomy
gives newinsights into the working of the Univergeprinciple, gravitational
waves could exist at any frequency. However, veny frequency waves
would be impossible to detect and there is no bitedsource for detectable
waves of very high frequency. Stephen Hawking andri&r Israel list
different frequency bands for gravitational wavésttcould plausibly be
detected, ranging from 10Hz up to 18" Hz.

Gravitational waves have two important and uniqueperties. First,
there is no need for any type of matter to be prtesearby in order for the
waves to be generated by a binary system of unebatack holes, which
would emit no electromagnetic radiation. Secondyvigational waves can
pass through any intervening matter without beingttered significantly.
Whereas light from distant stars may be blockedbyuinterstellar dust, for
example, gravitational waves will pass through etally unimpeded. These
two features allow gravitational waves to carry ommfiation about
astronomical phenomena heretofore never observdauinans, and as such
represent a revolution in astrophysics.

Effect of Gravitational Waves on Free Particles

To investigate the geodesic equations for the dtajees of material
particles and photons in a neaflgt space time, during to the passage of a
gravitational wave, one need to study the following

Proper Distance Between Test Particles

The amplitude of the metric perturbation is desliltby just two
independent constants,,Aand Ay. The physical sigficance of these
constants by examining thé&ect of the gravitational wave on a free patrticle,
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in an initially wave-free region of space time.Thee particle’s trajectory
satigies the geodesic equation

qu’
dr

where T is the proper time. The particle is initially agst, i.e. initially

+rputuv =0 1)

uf=sf.
Thus, the initial acceleration of the particle is
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However, Ai=0=hyz=0
Also, recall thah = h = 0. Therefore it follows thah; = O for all « which
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T

in turn implies that ( d

o =0 3)

Hence a free particle, initially at rest, will remmaat rest indefi nitely.
However, ‘being at rest’ in this context simply meahat the coordinates of
the particle do not change. As the gravitationaVevpasses, this coordinate
system adjusts itself to the ripples in the spae®,tso that any particles
remain ‘attached’ to their initial coordinate pasits. Coordinates are merely
frame-dependent labels, however, and do not dyrexthvey any invariant
geometrical information about the space tithe.

The proper distance between the particles is theamdy

e

Al = j‘gaﬁdxadx'g

1
Al :Z|gxx|2 d /gXX(X:O) O
(5)

Ixx(X=0)=nxx + hgn(x =0) (6)

(4)
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Since h” (x =0)in general is not constant, it follows that the peo
distance between the particles will change as theitgtional wave passes. It
is essentially this change in the proper distaret@véen test particles which
gravitational wave detectors attempt to measure.

Geodesic Deviation of Test Particles

The study of the behaviour of test particles areeriormally using the
idea of geodesic deviation. Byfileng the vectog« which connects the two
particles and for a weak gravitatiorfagld, taking proper time approximately
eqgual to coordinate time is

0%% _ o w v, B
——=R% LU
o2 up ¢ @)

whereU"Yare the components of the four-velocity of the tpasticles. Since
the particles are initially at rest, thet' = (1,0,0,0)T
and &= (0,0,0)

- a

5~ = Ritx = ~U Rixt (8)
ot
Hence, two particles initially separated by in thdirection, have a

geodesic deviation vector which obeys thiedential equations. Similarly, it
is straightforward to show that two particles @iy separated by in the y-

direction, have a geodesic deviation vector whidieys the dterential
equations.

then simplfies to

Ring of Test Particles: Polarisation of Gravitational Waves

To consider the geodesic deviation of two partictese at the origin
and the other initially at coordinat&s= ecosé, y = e sin dandz = 0,i.e. in
the x-y plane as a gravitational wave propagates inztigection. & and &
obey the diferential equations

2 2 2

907 X :lmcosea—hg” +1Dsin96—h§m

ot 2 o2 2 a2 9)



J. Myanmar Acad. Arts Sci. 2019 Vol. XVII. No.2B 227

2 2 2
and a—zfy -1 cosea—2 hiy" g sinea—2 h{tD)
ot 2 ot 2 ot (10)
We can identify the solution

£X =0 cosh + = 0cosd AT cosw £+ 00 sing A" cosw t
2 2 (11)

andé X =Osing +% Ocosd AgT)cosw t—% Osin6 Ag(T) cosw t
(12)

@ varies betweefl and27x. An initially circular ring of test particles imé x-
y plane, initially equidistant from the origin atide metric perturbation has

ALY #0andA{"” = 0.In this case the solution fgfandg’ reduces to

£X =0 coso [1+ A (1D cosw tj
2 (13)

£ =0 sine[l—lAg(T)cosmtj
2 (14)
In the case of the metric perturbation 5" # 0andAj"” = 0, the

solutions fo€* and&’reduce to

&% =0cosd +% Osing Al7 cosw t (15)

&Y =0sin 6+%Dcos@ Ag,T) COSw t (16)

To understand the relationship between these sakutand those for
AP =0,we ddine new coordinate axesBand y’ by rotating the x and y
axes through an angle efn/4, so that

X =+ (x-y)
V2 (17)
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!

Y = (x+y)
V2 (18)

If we write the solutions for (;T) # 0in terms of the new coordinate$s and
y' after some algebra wiind that

f’x =Mcos| 6+~ +1Dsin0 6+ | AUDcoswt
4) 2 4)" (19)

and  ¢Y =Osin (0+Ej+1Dsin0(0+EjAgT)coswt
4) 2 4 (20)

tandy ey

=E= X andy

Figure 1: Parametric Plot for the interactive relation begwe andy’
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Figure 2: Contour Plot for Gravitational wave of the new iipate X andy’
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Figure3: Contour plot for Gravitational waves of the newobnate
Xandy' Ag,T) =1
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The Production of Gravitational Waves

The reasons why gravitational radiation is quadiapi lowest order,
and we estimate the amplitude of the gravitatiomave signal from binary
neutron star system.

The Quadrupolar Nature of Gravitational Waves

The nature of gravitational radiation by drawingalagies with the
formulae that describe electromagnetic radiationis Tapproach is crude at
best since thelectromagnetic field is a vector field while the gravitational
field is a tensor field, but it is good enough for our present purposes.
Essentially, we will take familiar electromagnetiadiation formulae and
simply replace the terms which involve the Coulorfdyce by their
gravitational analogues from Newtonian theory

Electric and Magnetic Dipoles

In electromagnetic theory, the dominant form ofiaddn from a
moving charge or charges is electric dipole radmatiFor a single particle
(e.g. an electron) of chargewith acceleratiora and dipole moment changing
as d= é&x =ea, the power output or luminosity i®giby

I—electric dipolé>C eZ a2 (23)

For a general distribution of charges, with netotBp momentd, the
luminosity is
Letectric dipole™ & iflz (24)

The next strongest types of electromagnetic ramhatire magnetic
dipole and electric quadrupole radiation. For aegahdistribution of charges,
the luminosity arising from magnetic dipole radiatiis proportional to the
second time derivative of the magnetic dipole mamiesn

L magnetic dipol&¢ K (25)
whergu is given by a sum (or integral) over a distributarcharges:-

u =" (position of ¢) x (current due to;j £6)
i
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Gravitational Analogues

The gravitational analogue of the electric dipolenment is the mass
dipole moment summed over a distribution of particlé4j}

d=2(mx) (27)
A

wherem is the rest mass arnxdis the position of particlé.

The luminosity of gravitational ‘mass dipole’ rafican should be
proportional to the second time derivative af However, the first time
derivative ofd is

d :E(Xi)).(i =P (28)
i
where p is the total linear momentum of the system. Sirlce total
momentum is conserved, it follows that the graiotal ‘mass dipole’
luminosity is zero i.e there can be no mass dipatkation from any source.
Similarly, the gravitational analogue of the magndtpole moment is
H:E(Xi)x(mivi)EJ
i (29)

wherelJ is the total angular momentum of the system. Stheetotal angular
momentum is also conserved, again it follows thatdravitational analogue
of magnetic dipole radiation must have zero lumiyo$ience there can be
no dipole radiation of any sort from a gravitatibsaurce. The simplest form

of gravitational radiation which has non-zero luosity is, therefore,
quadrupolar.

Example: ABinary Neutron Star System

Finally, the example of the gravitational wave sityme of a particular
astrophysical system: a binary neutron star. Irega@nt can be called slow
motion approximation for a weak metric perturbatigrv<<l then for a
source at distanae

hyv =—— 1w (30)
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Wherel,v is the reduced quadrupole momentided as
1
Ly = [ p(NX Xy _§5yvr2)dv (31)

Consider a binary neutron star system consistingvofstars both of
Schwarzschild mashl, in a circular orbit of coordinate radit&and orbital
frequencyf. For simplicity we déine our coordinate system so that the orbital
plane of the pulsars lies in the x-y plane, andoatrdinate time = 0, the two
pulsars lie along the x-axis.

lwx = 2MR?[ cos? (2 ft]—%] (32)
lyy = 2MR?[ Sin2(2nft)—%]
(33)
Ly = lyx = 2MR? [cos(2rft)sin(2rft)] (34)
From equation no (30) and (32) — (34) it then fekahat
hy = -hyy = hcos(4rft) (35)
and hyy = hyx= -hsin(4s ft) (36)
where the amplitude term h is given by
- 32r°GMR £ 2 -
cAr

The binary system emits gravitational waves at @wtbe orbital
frequency of the neutron stars. Suppose we Makgual to the Chandrasekhar
mass,M ~ 1.4Msolar =2.78 x 1G%g. We can then evaluate the constants
in(37) and expredsin more convenient units as

. R?[km]f ?[Hz]
h=23x10""" 1 mpe] (38)

If we takeR = 20km say,f = 1000Hz (which is approximately the
orbital frequency that Newtonian gravity would patd and r = 15Mpc
(corresponding to a binary system in e.g. the Vrlyster), then wéind that
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h ~6 x 10 **Thus we see that the signal produced by a typicaligtional
wave source places extreme demands upon detechoolegy.

Concluding Remarks

The direct detection of GWs by LIGO initiates a neva of GW
astronomy and GW cosmology. The GW physics is nady gelated to
gravitational physics, but also closely relatedototicle physics, cosmology
and astrophysics. The GWs provide us a new powasbllto reveal various
secrets of the nature. Indeed, a lot of relevapemahave appeared since the
announcement of the direct detection of GWSs. Is fgaper, we have briefly
introduced three kinds of GW sources and relevéwysips. The GWs are
produced during inflation and preheating in thdyebniverse, from cosmic
PTs and dynamics of compact binary systems, (Birélack Holes and
Binary Neutron Stars, etc,...) respectively. We dlage discussed in a simple
way the GWs as standard siren in the evolutiomefiniverse.
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