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THE PROPAGATION OF A PARTICLE IN THE ONE-DIMENSIONAL
INFINITE SQUARE-WELL BY USING THE PATH INTEGRAL
FORMALISM

Khin Myat Thet Wai!, Hla Hla Maw?, Thet Thet Wai?®

Abstract

Path integral was invented by Feynman as an alternative formulation of quantum mechanics.
Feynman formulation of quantum mechanics using the so called path integral is arguably the
most elegant. The path formulation of quantum field theory represents the transition amplitude
(corresponding to the classical correlation function) as a weighted sum of all possible histories
of the system from the initial to the final state. In this work, the full propagation for the
propagation of a particle in the one dimensional infinite square well by using the path integral
formalism will be obtained by using Feynman’s path integral approach. Visualization of key
results is implemented by Mathematica.
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Introduction

The path integral formalism, which was invented by the US physicist Richard Feynman,
is a tool for calculating such quantum mechanical probabilities. Feynman’s recipe, applied to a
particle travelling from A to B. The resulting sum tells us the probability of detecting the particle
that started out at A at the location B at the specified time. Physicists called such a sum over all
possibilities a path integral or sum over histories. In quantum mechanics and quantum field
theory, the propagator is a function that specifies the probability amplitude for a particle to travel
from one place to another in a given period of time, to travel with a certain energy and
momentum. The propagator can be written as a sum over all possible paths between the initial
and final points.

Path integral provided a unified view of quantum mechanics, field theory and statistical
physics and is nowadays an irreplaceable tool in theoretical physics. Feynman showed that
Dirac’s quantum action was, for most cases of interest, simply equal to the classical action,
appropriately discretized. This means that the classical action is the phase acquired by quantum
evolution between two fixed endpoints. Amplitude computed according to Feynman principles
will also obey the Schrodinger equation for the Hamiltonian corresponding to the given action.
Since the relation between Feynman’s formulation and classical mechanics is very close, the path
integral formalism often has the important advantage of providing a much more intuitive
approach.

Theoretical background

The Time-Evolution Operator

The time evolution from time t, to t of a quantum mechanical state is described by a linear
operator U(t, t,). Thus a ket at time ¢ that started out at t, being the ket is

la(©)) = U(t, to)|a) 1)

The time evolution operator U(t, t,), which also is known as a propagator, satisfies three
important properties:
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(1) The time evolution operator should do nothing when t = t,
Sh Ut t) =1 (2

(2) The propagator should preserve the normalization of state kets. That is, if |a) is
normalized at t, it should also be normalized at later time ¢. This leads to the

requirement (a]a) = (a(t)|a(t))
= (a|Ut(t, te)U(t, to)|a) (3)
Which implies Ut(t, to)U(t,t,) = 0 (or)
Ut(t, to) = U7 (¢, to) (4)
(3) The propagator should satisfy the composition property
U(ty, to) = U(ty t)U(ty, to) )

Which means that in order to evolve a state from ¢, to t, we might as well first evolve the state
from t, to t; and then evolve the state from so obtained from t; to t,.

Formally, we can evolve a wave function forward in time by applying time-evolution operator.

For time-independent Hamiltonian, [y (t)) = U(t)[(0)), where time-evolution operator (“the
propagator”):

U(t) — e iAHt/h (6)
Follows from time-independent Schrodinger equation,
Hly) = ihd, i) (7)

By inserting the resolution of identity, I = Y3; |i){i],

Where |i) are eigenstates of H with eigenvalue E; ,

[Y(©)) = e AHRF Nl (0)) = ZliXil p(0))e ARt/ (8)
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Figure 1. Real part Exp(-iHAt) in term of H and At
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Figure 2. Imaginary part Exp(-iHAt) in term of H and At
Definition of the Propagator

Mathematical form of the propagator. The summation carried out between all the arrows
in the initial wavfunction and each single detection event approximates the integral in which the
propagator function K is usually employed for a continuous wavefunction,

Y(xb,th) = [ K(b,a) P (xb, th)dxa 9

Here the label ‘a’ refers to a point in the initial wavefunction, while the label ‘b’ applies
to a point on a later wavefunction. The free-particle propagator K has specific expression.

The paths are sliced into finite number of segments between time interval §t;, each of
which has two end points {x(t)}. Each path are assigned an action (L) corresponding to the
position function x(t). The corresponding probability amplitude for each path is given by

A(x) = eiS/n (10)
The Action Integral

In physics, action is an attribute of the dynamics of a physical system from which the
equations of motion of the system can be derived through the principle of stationary action.
Action is a mathematical functional which takes the trajectory, also called path or history, of the
system as its argument and has a real number as its result. Generally, the action takes different
values for different paths.

Action is a part of an alternative approach to finding such equations of motion. The action
is typically represented as an integral over time; take along the path of the system between the
initial time and the final time of the development of the system:

S = ft’f Ldt (11)
Where the integrand L is called the Lagrangian. For the action integral to be well-defined, the
trajectory has to be bounded in time and space.

Action has the dimensions of [energy]. [time], and its SI unit is joule-second, which is identical
to the unit of angular momentum.
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In classical mechanics, the input function is the evolution g(t) of the system between two times
t; and t,, where g represents the generalized coordinates. The action S[q(t) ] is defined as the
integral of the Lagrangian L for an input evolution between the two times:

Sla(®) 1= 7 Lla(®),4(e), ¢ 1dt (12)

Where the endpoints of the evolution are fixed and defined as g; = g(t;) and q, = q(t,).

The action principle can be extended to obtain the equations of motion for fields, such as the
electromagnetic field and gravitational field. The trajectory (path in space time) of a body in a
gravitational field can be found using the action principle.

The equation of motion between two times t; and t, should minimize the action integral
t .
§= [, L(q®),q@®)dt (13)

Assuming that q(t,;) and q(t,) are fixed, then the function q(t) between t; and t, should
minimized S, the action. Taking the first variation of equation (13),

t2

§5S=6| L(gq)dt= f

ty ty
t .
= ftlz 6L(q, Q)dt
— (2 (549 oL —
= [;7 (645 + 8q3;)dt = 0 (14)
In order to take variation into the integrand, we have to assume that §L(qg,q) is taken with
constant time.

t2 t2

LG + 84, q + 8q)dt — f LG, q)dt

t1

At constant time, g and g are independent variables. Using integration arts on the first term,

5S =68 (’)thz ftzé‘ d (6L>dt+ t26 aLdt
=0q =g, — a—"\55 a4
g J,, Tdt\dg ey 0q
~ (2 =2 () 4 2] gr =
Y 6(] [ dat (OQ) + aq] dt =0 (15)
The first term vanishes because §q(t;) = 6q(t,) = 0 because q(t;) and q(t,) are fixed.
Since 6q(t) is arbitrary between t, and t, we must have-
d (oL\ oL _
" (ﬁ) —52=0 (16)
The above equation is called the Lagrange equation, from which the equation of motion of a

particle can be derived. The derivative of the Lagrangian with respect to the velocity ¢ is the
momentum

oL
=% a7
The derivative of the Lagrangian with respect to the coordinate q is the force. Hence,
oL
F=3 (18)

The above equation of motion is then
p=F (19)

The solution of the equations of motion for a given initial condition is known as a trajectory of
the system.
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The Propagation of a Particle in the One-Dimensional Infinite Square-Well by Using the
Path Integral Formalism

1 0%L

_ t2 = daL . 1 o2
t2 .
S=S,+ % J; dey? (21)
And thus, for the kernel:
Sal®l yt,)=0 i 2 )
K(t, tyixy, ) = e v [0 57 dy(D]exp [ [, dt 55 (22)
The classical action for a free particle,
_ m@(xz—x1)?
Scl -5 ty—t; (23)
Eqgn:(22) thus yields for the kernel:
i (xy— )2 (ty)=0 i rt2 .
K (et 1, 1) = exp [ 25220 X570 dy ()]exp [7 fiy dt 5 92(6) (24)
the value of the path integral is only a function of the time difference, i.e.,
0 [ rt2 .
Altz—t) = [ ldy(®]exp [ f,, dt=y? (25)
P _ 2
K(xp,t2; %1, t1) = A(t; — tq) exp [%%% (26)
fOf tlztz(E t)
e g M= [ (L_ %
At) =e 4\/ Znht_\/zmht ’ (ﬁ_e 4) (27)
the phase in such a manner that

()2
K 61, 0) = \’zzht exp [%% = txl) ] (28)

Figure 3. Imaginary part of K
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Figure 4. Real part of K

the propagator of the free particle

: _ /L im(emxy)?
K(xp,t5;x,t) = iR t,—t0) exp [h 2 (t—ty) (29)
= _Le(%)sd
2mih(t, — ty)
1

y(t;)=0 i ot m . _ m 2
f)’(t12)=0 [dy(£)]exp [E ftlz aty Z(t)] - (Znih(tz—tl)) (30)

In three dimensions:
3
, (M N2 [ mr)®
K(ry tyim, th) = (27'tih(t2—t1)) €Xp [h 2 (ta—t1) (31)
For future purpose the above boundary condition in mind,

%11’% K(xZ, t; X1, O) = 5(x2 - x1) (32)

the Schrodinger wave function for a free particle which was emitted at x; = 0 attime t; = 0 and
at (x, t) is described by the probability amplitude ¥ (x, t),

: 2
YD = K(x,600) = | exp[i2E (33)
_ |m o (%) x =™ (%2
plxt) = 2miht X exp h m(to)x 2 (toz)t (34)
Po Ey
Y(x,t) = Z:ilht X exp [% (pox —Eot)] (35)

exp [i (%ﬂx — %t)] = exp [% (px — Et)] (36)
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K(x,t;p,0) = xp,0(x, t) f;f_w dx" K(x,t;x',0) xp, 0(x", 0)

[ —
=K (x',0;p,0)

(K(x,0:p,0) Sy (x,0) = el

Xp (6, t) = =exp |1 (xp - - t)]

2
a particle with momentum p and energy (p) = Zp—m .

In three dimensions:

)
(x,t) = ex — Py
X0 0 = ——exp[irp — 330

So for the free propagator in momentum,
i 2
K(pz,t;p1,0) = 6(p, — p) exp |- 22|t
With this form for K we can, conversely, return to real space:
K(xz, t, xl, O)

o () G2=x0p

- f271'h €Xp [_Ezr;t]

2
m i m(xr—x;) im(—x;—x;
K ,;-,-=/— e AP
(i) Znih(tf—ti){EXp [hz (tf—tl-)] exp [hz (t —t;

= K(X'f, tf; X, ti) — K(—Xf, tf; Xi, ti)
KL(xf, tf,xl,t) Yie (=17 K(xr, tf;xl-,ti)
And obtain for propagator,

K (xf, trsx0,6) =~ Xh o0 €XP [—%En(tf - tl-)] X exp[—ik,x;]sin(knpx;)

The appearance of the §-function implies energy and momentum quantization:
1 m?h? n

Bn=omm ™ o =T

So final result reads (¢t; > t;),

KL(xf, tr; X, ti) = %Z;‘{’zl exp [—%En(tf — tl-)] sin(k,x;) sin(knxf)

=51

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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Figure 5. 3D visualization figure of K. with x; and Xt

Results and Discussion
From the some basic properties of the kernel, the retarded propagator satisfies

\_inaif - |:| (Xf Py = (T\/i)axf 'tf )JKr<Xf 1 X ;tf _ti): in5(tf _ti )5(Xf _Xi)
Thus the retarded propagator is a Green’s function for the Schrodinger equation.

For time-evolution operator the generator expression for a time-dependent Hamiltonian involves

[, A ()
the time-ordered exponential is U(tf e )=T e '

The another key property of the time-evolution operator is
Ut t)=Ult tP(tt)t <t <t,

The evolution from time fito t; is the same as evolution from ; to 1, following by evolution
from { to t, .

The action is functional because it takes a function as argument and returns a number.
Particles always follow a path of least action. By varying (minimizing the variance of) the action,
the path actually followed by a particle can be determined. There are an infinite number of paths
connecting the two fixed points. This means that there are an infinite number of paths for the
particle to follow between these two points. The actual path that the particle follows is the path of
least action. The path of least action represents a minimum.

The principle of least action gives rise to the Euler-Lagrange equations. Hence the
Lagrangian satisfies the Euler-Lagrange equation independently for each coordinate. The

probability amplitude for the evolution of the system from the initial state |q0> to the final state

|qN> is proportional to a weighted sum over all classical paths kinematically allowed, where each

path is weighted with iS (with S being the classical action corresponding to the path). The
larger is N, the number of intermediate steps, the better is the approximation of the classical
action with the discrete sum of equation.
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From the knowledge of the solution of the Schrodinger equation for a generic non-
relativistic system, the wave function l//(ﬁ),t) is equivalent to the knowledge of the Green
function of the Schrodinger equation with a particle initial condition.

According to Feynman’s formulation of quantum mechanics, the particle explores all

possible paths between fixed initial and final events. The action along these many paths plays a
fundamental role.

It can be seen that from the path integral formalism, the propagator in the constant field is

dx |2 2 i
m: X exp) |.|‘dxk(x)—ﬁ E,(t,—t)

k(

K(Xz ) X1vt1) = 27Zik(xz )k(xl)j

Conclusion

In this paper the path integral expression for the propagator in quantum mechanics,
especially the free particle and particle in the one-dimensional infinite potential well were
derived. From the calculations, it can be clarified that all path contributes in a sense the quantum
particle takes all paths and the amplitudes for each path add according to the usual quantum
mechanical rule for combining amplitudes. By this path integral formalism, the propagator can be
written as a sum over all possible paths between the initial and final points. Each path contributes

exp[%s] to the propagator. In this work, it can be seen that path integral formalism are vividly

described and important physical interpretations concerning the free particle have been given.
The time evolution of the state is visualized in terms of Hamiltonian (H) and the time (At). It
gives us the nature of shaply attenuated wave patterns. 3D visualization of K, with x;and
xr shows the sinusoidal wave patterns. Real and imaginary parts of kernel K is visualized in

terms of space (x,_x;) and time t. It shows the random wave patterns.
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