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Abstract 

The aim of this research work is to investigate the missing mass spectrum of D (K-, n) Λ (1405) 

reaction process of J-PARC (Japan Proton Accelerator Research Complex) E31 experiment. This 

experiment which was conducted at J-PARC with 1.0 GeV/c incident momentum of K- on target 

deuterium. This reaction is expected to enhance a virtual NK scattering process, where a K- beam 

kicks a neutron out of the deuteron target in a forward angle and is slowing down to form a 

Λ(1405) with a residual nucleon. We have calculated the missing mass spectrum of D (K-, n) Y 

reaction with Green's function method by using YA (Yamazaki and Akaishi) potential for NK

interaction. It is observed that the missing mass spectrum of the D (K-, n) Y reaction at a neutron 

forward angle has two peaks, one below the K-p threshold and another above the threshold. The 

former peak represents Λ (1405) quasi-bound state while the latter is a quasi-free K-p peak.  

 Key words: virtual NK  scattering, missing mass, threshold, quasi-free, quasi-bound. 

 

Introduction 

An antikaon ( K ) and a nucleus may form a bound state (a kaonic nucleus), due to the 

strong attraction between K  and nucleon in an isospin, I = 0 state. Λ (1405) resonance state is 

nominally accepted as a bound state of pK
 system which lies in the continuum region of π Σ, 

having strangeness, S = -1, total charge, Q = 0, isospin, I = 0 and spin parity, J
p 
= 1/2

-
. 

The PDG value of the mass and width of this Λ (1405) resonance state or often known as  Λ* is 
3.1

0.11.1405 


 MeV/c

2
 and 0.25.50   MeV (Particle Data Group K. A. Olive et al., (2014)) with            

27 MeV binding energy with respect to K N threshold. 

However, chiral unitary model claims that Λ (1405) may have two pole structure; one is 

mainly coupled to Σ state and the other is to K N state which are located at different positions, 

(1390-132i) MeV and (1426-32i) MeV, respectively (T. Hyodo and A. Weise, (2008)). As a 

consequence, the resonance position of the Λ (1405) is 1420 MeV/c
2
 and the binding energy is as 

shallow as 15 MeV.  

In K
-
p reactions at 4.2 GeV/c, the mass and width of Λ (1405).resonance were obtained to 

be 0.45.1400   MeV/c
2
 and 0.20.50   MeV from production of Λ (1405) (R. J. Hemingway, 

(1985)) by Dalitz and Deloff (R. H. Dalitz and A. Deloff, (1991)). It is interpreted as a quasi-

bound state of K N coupled with continuum stat of Σ. Esmaili et al.,(J. Esmaili, Y. Akaishi and 

T. Yamazaki, (2010), (2011)) analyzed old bubble-chamber of stopped-K
-
 on 

4
He (B. Riley et al., 
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(1975))  with a resonance capture process, and found the best-fit value of mass and width for the 

Λ (1405) are 
3.1

0.11.1405 

 MeV/c
2
 and 

0.4

0.30.24 

 MeV. 

Maryam et al. (M. Hassanvand, Y. Akaishi, T. Yamazaki, (2015)) have calculated the 

   0πΣ1405  invariant mass spectra produced in the reaction     π1660ΣpK , 

followed by       πΣππ1405Λ1660Σ , processes at p(K
-
) = 4.2 GeV/c.  

An experiment which has reported Λ (1405) resonance state in the reaction π3 ΣpK   

at 1.15 GeV/c was conducted by Alston et al., (R.H. Alston et al., (1961)).  The values of mass 

and width of this resonance state are 1405 MeV/c
2
 and 20 MeV, respectively. 

Another experiment in the reaction of KπΣpπ   at 1.69 GeV/c 
-
 beam has been 

reported for searching Λ (1405) resonance state by Thomas et al., (D.W. Thomas et al.,(1977)). 

The mass and width of this resonance state from this experiment are 1405 MeV/c
2
 and 45 to       

55 MeV, respectively. 

Momentum Transfer of Emitted Neutron 

First, the momentum transfer of the emitted neutron which is an important for Λ (1405) 

formation processes are calculated. The momentum transfer of emitted neutron (n1) and product 

kaon ( 

1K ) from the elementary process n (K

, n1) 



1K  are calculated by using Newton-Raphson 

method. Then, the missing mass of pK  is calculated after having obtained the momentum 

transfer of neutron (n1). 

 

 

 

 

 

 

 

Figure  1 Schematic diagram of the elementary process 

Elementary process is  

  11 KnnK                                      (1) 

 By the law of conservation of energy, we have 

 
11 KnnK

EEEE                                                                        

where,    4222 cmcpE 
                  

(2) 

Equation (2) becomes, 
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By the law of momentum conservation,    

 
11 KnnK

pppp


      (4) 

11
nKK

ppp


    
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--
1
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2
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2

K

2

K                                                                         

      

 (5) 

By substituting equation (5) in to equation (3), we obtain 

  2

KnK

2

n

2

K

2

n

2

nn

2

K

2

K -
11

-
1

-- m)θcosp2pp(pMpMmp   .    

  0Mmpm)θcosp2pp(pMp n

2

K

2

K

2

KnK

2

n

2

K

2

n

2

n ---
11

-
1

          (6) 

The momentum of emitted neutron (n1) can be obtained by solving the equation (6) by using 

Newton-Raphson Method. This method is numerical method applied to find the root of a function 

f (pn1) equal to zero. 

Missing mass formula for D (K
-
 , n) Y 

The missing mass formula for D (K
-
, n) Y reaction is calculated. If we know the emitted neutron 

momentum, we can get the missing mass spectrum. 

 YnDΚ 
      (Y =

  or K
-
 + p)  (7)  

 
42

Y

22

Y

2

Y cMcPE   (8)  

 
22

Y

2

Y

42

Y cPEcM    (9) 

For a system Y, missing mass is defined as  

 22

Y

2

Y

2

Y cPEcM    (10) 

By the law of conservation of energy, 

Let  Einit = EK
- 
+ED and En = Eobs  (11) 

 Einit = Eobs + EY  (12) 

 EY = Einit - Eobs  (13) 

By the law of conservation of momentum, 

 YnDK
PPPP


     (14)  

Let  DKinit ppp


   and obsn pp


   

 Yobsinit ppp


     (15)       
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 obsinitY ppp


   (16)          

By substituting equation (13) and equation (16) into equation (10), the equation (10) becomes

  2

obsinitobs

2
init

22

obsinit

2

Y )cθcosp2Pp(p)E(EcM              (17) 

We can get the missing mass spectrum by using the above formula. 

 

 Differential cross section for D (K
-
 , n) Λ (1405) 

The differential cross section is the most important factor to determine the probability of 

the reaction. Therefore, we are going to determine the differential cross section and spectral 

function for D (K
-
 , n) Λ (1405)

 
reaction. The differential cross section is defined as the transition 

rate per incident flux. According to the Fermi’s Golden Rule, the transition rate Wfi,
 

     EρEEδT
2π

W n

fi

2

fifi 


. (18) 

where, Tfi is the transition matrix element, 
  n
fi EEδ   is the energy conservation term and  Eρ  is 

the density of allowed states. 

 The expression for differential cross section with neutron momentum between nk


and nn kdk


  and with Λ (1405) momentum between K


and KdK


  is written as follows: 

 
2

(n)

fi

3

n

3(n)

fn i

0

3
6 TKd)

2π

L
(kd)

2π

L
)(E(Eδ

2π

v

L
σd




  .   (19) 

where, 
3

0

L

v
incident flux, incident kaon velocity, 

0

2

0
0

E

ck
v


  and Kd

2π

L
kd

2π

L
3

n

3 
















= phase 

space. 

The differential cross section contains per incident flux, energy conservation term, phase space 

and transition matrix element. First, we will calculate the transition matrix element. 
 

Transition matrix element 

We considered the elementary process of reaction  (1405)nDK 
 

 

 

 

 

 

 

Figure  2  Schematic diagram of the reaction D (K
-
 , n) Λ (1405) 
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Transition matrix for D (K
-
 , n) Λ (1405) reaction can be described as follows: 

 
  stateinitialTstatefinalΤ n

fi  .  (20)  

     0in

n

f

n

fi k,0(D),ΨTk,Κ,pKΨΤ


                  (21) 

where, T = transition operator, p)(KΨn

f

  involves 2q


 and 0q


, (D)Ψi
 involves 1q


 and 2q


. 

Relation between kr


 and kr


 is kr
2π

L
kr

2

3










 . 

Equation (21) is rewritten in terms of internal coordinates with the aid completeness relation. 

20

n

f021

9

(n)

fi q,qΚp),(KΨqdqdqd
2π

L
Τ
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








 

    DΨ,0q,qq,kTk,q i2110nKn0


  (22)      

where,  1q][q
2π

L
qdqqqd

3









 


.        

  

By solving equation (21), he final expression of transition matrix element as follows. 

         DΨq~[]q~tq~[  )kkKδ(q~p)(KΨqdΤ i10nK00n

(n)

f1

(n)

fi


 

 .                (23)  

After calculating the transition matrix element, we will be calculated the differential cross section 

for this reaction. After that, by substituting the transition matrix element into equation (19), the 

differential cross section for this reaction becomes, 

)kkK(δKd)
2π

L
(kd)

2π

L
)(E(Eδ

2π

v

L
σd 0n

23

n

3(n)

fn i

0

3
6


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f1 (D)Ψqq~tq~q~p))(KΨqd            
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.                      (24)  

By integrating the above equation (24) with Kd


,      .                    
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n

f1n

9n
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0

3
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0

2

0
0

E

ck
v


  is substituted into equation (25). The equation (27) becomes 

n

9(n)

fn i2

0

0

3
3 kd)

2π

L
)(E(Eδ

2π

ck

EL
σd




    

  2

i10nK0

(n)

f1 (D)Ψqq~tq~q~p)(KΨqd


  
.                        (26)  



348               J. Myanmar Acad. Arts Sci. 2020 Vol. XVIII.No.2B 

 

Equation (26) can be expressed in terms of delta function normalization. The equation (26) 

becomes 

 
  2

i1

(n)

f1

2

nKn

(n)

fn i02

0

2

4
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
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
 (27)    

0nKnK
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   . 

               

Calculation of Energy Conservation Term 

Energy of initial state, Ei, BEcMcMEE 2

p

2

n0i    

                (28)     

where, BE is the binding energy of deuteron. 

Energy of final state, Ef 
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where, 
)M2(m

)kk(

pK

2

n0

2










 is the recoil energy and 
(n)

fpK

(n)

f ΨHΨ   is the excitation energy of final 

state. 

   (n)

fpK

(n)

f

(n)

fi ΨHEδΨ)Eδ(E                   (31) 

To obtain the )Eδ(E (n)

fi  , the Cauchy’s principle is used. 
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where, P is the principle value.   
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And then, we can expressed the energy conservation term as follows: 

 
iεHE

1
Im

π

1
)Eδ(E

pK

(n)

fi





  (32) 

The equation (27) becomes 
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where,  
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
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where, 1rrrd 


. 

The equation (34) can be expressed coordinate representation by using completeness relation. It 

can be expressed as follows 
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
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In equation (35) contains dkn. To get dkn, the energy conservation law and momentum 

conservation law are used. 
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By substituting equation (36) into equation (35), the equation (35) becomes 
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

                         (37) 

In equation (37) contains two terms. The first term is kinematical factor and the other one is 

spectral function. 

In this spectral function equation, r
iεHE

1
r

pK








  is the Green’s function. 

The energy conservation term will be solved by using Green’s function method.  
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Numerical Calculation of Green's Function 

Green’s function can be expressed by coordinate representation as follows; 

 r
iεHE

1
r)r,rG(

pK








.  (38) 

It is satisfies the following equation, 
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             (39) 

Green’s function and delta function are expressed partial wave expression as 
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Radial part of Green’s function r),r(G 


  satisfies the following equation, 
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2μ
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~
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
 is the potential of K

-
p system. 

In our calculation, we have constructed YA (T. Yamazaki and Y. Akaishi (2007))) potential for 

NK  interaction. 

Integrating equation (44) with dr from εr  to εr   will give, 
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            (43) 

The first term of left hand side vanishes since it is continuous. The second term gives 

    
2εrεr

2μ
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d
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d


 
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. (44) 

Green’s function  r,rG 


 is divided into two regions  r,rG
1




 and  r,rG
2




  with 

     ruCr,rG 0

11  
     rr0     

    

 
     ruCr,rG 12

 
        rr .     
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  ru 0

  and 
  ru 

 satisfies 
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 




 with boundary condition at asymptotic region, 

    krkrhru r                    (45) 

where,   krh

  is the spherical Hankel function.  

 According to the continuity of Green’s function,                                                     
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Discontinuity of 
dr

dG
 gives 
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By solving equation (48) and (49), the values of C1 and C2 are obtained. 
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2  ,  

where,  
    

 u,uW 0
 is Wronskian.            (49). 

After comparing the value of r and r ', we used the smaller part is r< and the larger one is r>. 

 The final expression of the differential cross section for missing mass spectrum by using 

Green's function method as shown bellows, 
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(50) 

 

YA Potential for NK  Interaction

 
The radial form of YA potential for NK  interaction is as follows: 

   

2

b

r

00

0I

NK
eWiVrV











 
, 
where, V0 = -597.0 MeV, W0 = -140.0 MeV, b = 0.66 fm. 

It is a Gaussian type complex potential with strength parameters (V0 and W0) and range 

parameter (b), where imaginary part represents decay into Σ channel. 

 

Results and Discussion 

Missing Mass Spectrum of D (K
-
, n) Λ (1405) Reaction 

We have calculated the differential cross section for the missing mass spectrum of the 

 n,KD 
 Λ (1405) reaction (J-PARC E31) (Noumi et al.,) by using Green's function method. In 

our calculation, we used the YA potential for K
-
p interaction which reproduced the binding 

energy and the level width of Λ (1405) quasi-bond state.  

  By using equation (50), we have analyzed the missing mass spectrum of Λ (1405) for 

various angular momentum contributions. The calculated missing mass spectrum of 

   1405n,KD 
 reaction for individual angular momentum contributions for 0 , 1 , 

3  and 8  are shown in Figure (3). In the energy region below the K
-
p threshold, it can be 

seen that NK bound state is mainly contributed by 0 . In the continuum region, the higher 

angular momenta dominantly contribute to the quasi-free peaks. The total angular momentum 

contributions to the missing mass spectrum converge at 8max   as shown in Figure (4). 

According to these two figures, it can be concluded that the peak position is found to be clearly 

dominant at 0 . The mass and level width of Λ (1405) is 1407.9 MeV/c
2
 and 48 MeV, 

respectively. The updated PDG value of the mass and width of this Λ (1405) resonance state or 

often known as Λ* is 
3.1

0.11.1405 

  MeV/c
2
 and 0.25.50   MeV (Particle Data Group K. A. Olive 

et al., (2014)). The calculated result of the mass and level width of  Λ (1405) is nearly consistent 

with that of the updated PDG (2016) data. 
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 Figure  3  Missing mass spectrum of Λ (1405) with individual angular momentum; the red  color 

solid curve represents 0 only; the green color solid curve represents 1 only; 

the orange color solid curve represents 3 only; The violet color solid curve 

represents 8 only 

 

Figure  4  Missing mass spectrum of Λ (1405) with total angular momentum the violet color 

solid curve represents the summation of total angular momentum 0 to 8; the 

green  color solid curve represents the summation of total angular momentum 0  

to 1; the orange  color solid curve represents the summation of total angular 

momentum 0  to 3; the red  color solid curve represents the angular momentum 

0 only 
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Conclusion 

We have analyzed the missing mass spectrum of D (K
-
 , n) Λ (1405) reaction at the 

incident momentum of K
- 

1.0GeV/c. The calculated result of the mass and level width of Λ 

(1405) is nearly consistent with that of the updated PDG (2016) data. 
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