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DERIVATIONS AND VISUALIZATIONS OF COSMOLOGICAL FLUID
EQUATIONS

Zar Zar Myint Aung®, Nyein Thida?

Abstract

The fundamental notion of fluid cosmology has been briefly studied. In order to derive various
physical and geometrical aspects of mass, momentum, density and equation of state, it is
essentially needed to make use of the governing equation frequently used in astrophysics and
cosmology. Then, it has been known clearly in this research. Some interesting and informative
visualization of the results are done with the help of Mathematica Software.
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Introduction

Fluid dynamics is one of the most important of all areas of physics life as we know it
would not exist without fluids. The air we breathe and the water we drink (and which makes up
most of our body mass) are fluids. Motion of air keeps us comfortable in a warm room, and air
provides the oxygen we need to sustain life. Similarly, most of our (liquid) body fluids are water
based. It is clear that fluids are completely necessary for the support of carbon based life forms.
[ Brown, J. D., etal (1994)]

The three main approaches to the study of fluid dynamics:
(i) Theoretical,
(i) Experimental and

(iii) Computational.

Fluid Properties

There are two main classes of fluid properties: transport properties and physical
properties. Three basic transport properties are viscosity, thermal conductivity and mass
diffusivity. The physical properties are density and pressure, both of which might be viewed as
thermodynamic properties, especially in the context of fluids. [Batchelor George, K., (1967)]

The viscosity is a measure of the resistance of a fluid which is being deformed by either shear
stress or tensile stress. In everyday terms viscosity is “thickness™ or "internal friction". Viscosity
describes a fluid's internal resistance to flow and may be thought of as a measure of fluid friction
with the exception of super fluids, all real fluids have some resistance to stress and therefore are
viscous.

Thermal conductivity is the transport property that mediates diffusion of heat through a
substance in a manner analogous to that already discussed in considerable detail with respect to
viscosity and momentum. Thermal energy, so thermal conductivity provides an indication of how
quickly thermal energy diffuses through a medium. Fourier’s law of heat conduction,
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a=—kf ®

where, g = heat flux.

k = thermal conductivity.

Z—; = component of the temperature gradient in the y direction

The Fundamental Fluid Dynamics Equations

The equations of fluid dynamics are best expressed via conservation laws for the
conservation of mass, momentum and energy.

Conservation of Mass

We consider the rate of change of mass within a fixed volume. This the changes as a result of the
mass flow through the bounding surface.

]
=, pdV =—J pVinds )
Using the divergence theorem,
] ]
Efv pdV + [, o pVnids =0 (3)
a ]
fy et 55 (eVdlav =0 @)
The continuity equation, since the volume is arbitrary,
ap a _
ot T o PV =0 (5)

Conservation of Momentum

We consider the rate of change of momentum within a volume. This decreases as a result of the
flux of momentum through the bounding surface and increases as the result of body forces (in our
case, gravity) acting on the volume.

Let IT;; = Flux of component of momentum in the direction
f; = Body force per unit mass
then,

0

There is an equivalent way of thinking of I1;; , which is often useful, and that is I1;; n; dS, is the
i™ component of the force exerted on the fluid exterior to S by the fluid interior to S.

Again using the divergence theorem,

ani]’

o Ly @V + 594V = f, pfiav ()

0 anl"
5 (V) + Wj] = pfi (8)
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For gravity we use the gravitational potential

fi= 52 ©)
For a single gravitating object of mass M,
0 =—=- (10)
And for a self-gravitating distribution,
V2@, = 4nGp (11)
e =—G [, ”("l),l d3x' (12)

Where G is Newton’s constant of gravitation.

The momentum flux is composed of a bulk part plus a part resulting from the motion of particles
moving with respect to the center of mass velocity of fluid (v;). For a perfect fluid, we take p to
be the isotopic pressure, then,

Hij = pVLV} + pSU (13)
The equations of motion are then,
2 (v + S = pf, (14)
0 d 00;;
5 (V) + o (pvV; + P5ij) == 6_xl-] (15)
a b] 29;
3 PV + 5= (pViV) = =p8iy = p 5 (16)

There is also another useful form for the momentum equation derived using the continuity
equation

2 2 avl a av;
5 (VD + - (pViV)) = V24 pZity P (pV;) + pV; F (17)
_ ap (7] av; av;
= —Vil5;+ a—xj(PVj)‘F[PE"‘ PVigy ] (18)
0 ad av; av;
2 PV + oo (pViV)) = p5 + pra_V,- (19)
Hence, another form of the momentum equation is
av; y Vi _ 9 a9
PtV i 3%, = "om 6_95 (20)
On dividing by the density,
Vi Vi 12 _ aiﬁ (21)



510 J. Myanmar Acad. Arts Sci. 2020 Vol. XVI111.No.2B

Conservation of Energy

We take the momentum equation in the form,

Take the scalar products with the velocity,
pVi%'l'ij ig—z=—Vi§—i—PVi% (23)
PGVl +p Vg ViV = Vgl — pli 58 (24)
PGV + Voo VA = Viss = pVig e (25)

Before we use the continuity equation to move the p and pV;outsides the differentiations. Now
we can use the same technique to move them inside and we recover the equation.
9 1

J (1 a a9
5l PV S PV = —Vige - pVigt (26)

Lo, Y i o,

The aim of the following is to put the right hand side into some sort of divergence form. We
consider the first term.

d ) ah
~Vigy = PKTVis - = pVige (27)
d d ) d
Vi 52 = pkTV, 5 = pkT 5 = pVi s (28)
_ ds _9e 4,00y OR
= pkT a ot h at pVi 0x; (29)

We now eliminate the g—‘t’ term suing continuity.

% _ _9 (v
=5 (W) (30)
And we obtain
] ds @ ] oh
—Via—i=kad—i—a—i+ha—m—pVia—m (31)
o _ s _%e 9 :
—Vise = PT 5o = 50— 5 (0hV) (32)
The term
a0 ] d
—PVige = ~ 55, POV + 6 5 (pVi) (33)
] ]
= =52 (PBV) + B6 5 (34)
] ] 99
= _a_xi(p@GVi) — 5. (pD¢) P50 (39)
When the gravitational potential is constant in time, ‘%‘; =0
29 ] ]
—pVi x; == ox; (pDsVy) — D¢ ax; (pDe) (36)
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Hence the energy equation,

o[ ov2] 2 [ty ] = —p 22 _ 9%,

a[sz]w[sz ] = Vioa ™ ox PV G
d [1 2 J 1 2 _ ds_ae_i g _a_h . —i
at[EpV]“La_xi[EPV V}']_'DkTE at 6xi('0th) axi(pQ)GVl) ¢ (P06) (38)

Bringing terms over to the left hand side;

2 [2pv? + e+ pog| + aix] 2pV20; + phv; + p@cV;| = phT = (39)
When the fluid is adiabatic
pkTS =0 (40)
And we have the energy equation for a perfect fluid
= [3pV? + & + po] +%[§pvzvj + phV; + pBsV;| = 0 (41)
The total energy per unit volume is
E=-pV%+e+p@g (42)

e=1,05:=4
Show [Plot 3D [(1/2 p v*2+¢ +p@¢), { p,-8 Pi,8Pi},{v,-6 Pi,6 Pi},Plot Points — 35,
Axes —>True, Axes Label > {“p”, “v”, “e”}, Display Function —> $ Display Function]]

20

Figure 1 3D variation of energy with density and velocity.
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Thermodynamic and its physical Properties
Thermodynamic

The thermodynamics of a volume element of fluid and the variables used to describe its
state as

m=mass of element

€ = internal energy density per unit volume
p =pressure

S = entropy per unit mass

T =temperature (in degree Kelvin)

The second law of thermodynamic tells us that the change in entropy of mass of a gas is related
to change in other thermodynamic variables as follows;

kTdS = dU + pdU (43)
kTd(ms) = d % + pd % (44)
£ 1
kTds = d (;) +pd()
1. _(&tp
=~ de (pz)dp (45)
Expanding the differentials and multiply by p ,
pkTds = de — (?) dp (46)
In terms of derivatives along the trajectory of the element
ds _de _ (etp\dp
kaE_dt (p2>dt (47)
The equation of continuity
ap a _
o tag (PV) =0 (48)
ap ap o
o TVigg TP =0 (49)
can be expressed in the form
ovi _ _1dp
ox;  pat (50)
So that
ds %

d
KT 3= — (e +7) (51)

axi
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Enthalpy

The care of an isotropic distribution function (perfect fluid) introduces the enthalpy
density defined by

H=¢+p (52)
And the specific enthalpy (enthalpy per unit mass),
— &
h== (53)
for a monatomic gas,
£ = ZnkT (54)
p = nkT (55)
And p = unm,
Where p the mean is molecular weight and m,, is the mass of a proton. Hence,
p = GTHnKT) (56)
unmyp
— 5 kT
T2 umy (57)
using the specific enthalpy, the energy flux,
Fg = (p5Vi+h+0)V, (58)
Specific Enthalpy
A commonly used thermodynamic variable is the specific enthalpy,
_ &tp
h = . (59)
In terms of the specific enthalpy, the equation,
—Jd(& 1
kTds = d (p) +pd() (60)
becomes,
—d (&P _ 4 1
kTds = d ( . ) d® +pd() (61)
kTds = dh — %” (62)
After dividing by the time increment of a volume element,
ds _de (e+p) dap
'DkTE T de p dt (63)
pr & —dh _1dp (64)
dt dt pdt

The fluid is adiabatic when there is no transfer of heat in or out of the volume element,

If kTS =0 (65)
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de (e+tp)dp

o, a 0 (66)
dh_1dp _ (67)
dt p dt

The equation ds,de, dp are prefect differentials and these relationships are valid relations
from point to point within the fluid two particular relationships we shall use in the following are

ds _de _p0p

’DkTE T h ot (68)
os _ o _0p

kaa_xl - ,D axi axi (69)

Equation of State

Consider the following form of the entropy, internal energy, pressure relation;

pkTds = de — “;—zmdp (70)
iy
P = (71)

Where,u is the mean molecular weight.

p=@—1De (72)
e+p=ye

hence, pm,(y — 1)eds = de — %gdp (73)
pumy,(y — Deds = % - %dp (74)
pm,(y — 1)(s — s¢) = Ine —ylnp (75)
— = explumy,(y = 1)(s = 50)] (76)
= exp[um, (y — Ds] (77)

We can discard s, since the origin of entropy arbitrary. Therefore,
e = explum,(y — 1)s] X py (78)
p = (v — Dexp[um,(y — 1)s] X py (79)
p = k(s)py (80)

The function k(s) is often referred to as the pseudo-entropy. For a completely ionized

. 5
monatomic gas y = 3

Table[Plot3D[Bessel1J[0,( (e+p)/p)].{ p.-2.2}.{p,1,5}, Plot Range—{-0.5,1}, Plot Label

—Row[{ “e=", padded Form[1* ¢,1]}],Axes —»True, Axes Label- { p”, “p”, “ & },Displayed
Function Identity],{ €,1,6}]//Short
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Figure 2 3D animated plot of specific enthalpy against density and pressure with € from 1 to 6

Conclusion

We have attempted to provide an introduction to basic physics of fluid. The other various
fluid properties, most of which are familiar with elemental physics and thermodynamics are
carried out. Detailed computations of conservations of mass, momentum and energy are also
presented. It is continued to probe the derivation of equation of state in very simple way. Next,
the specific enthalpy which is commonly used in thermodynamics for the pressure or some other
thermodynamic variable and the most natural is the entropy.
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