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DECOMPOSITION OF COMPLEX VECTOR SPACE ("
INTO INVARIANT SUBSPACES
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Abstract

This paper study the existence of eigenvalue for every linear
operator on a finite-dimensional complex vector space. In this paper, we
will discuss although eigenvectors corresponding to distinct eigenvalues are
linearly independent, they can not span the complex vector space. Then we
give decomposition of complex vector space (" into generalized
eigenspaces and Jordan subspaces.
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1. Eigenvalues and eigenvectors

Throughout the paper, V' denotes n-dimensional complex vector space.

1.1 Definition. Let 4 :J—V be a linear operator. A subspace Mc/V is called
invariant for the linear operator 4, or A-invariant, if Axe M for every vector
xeM.

Trivial examples of invariant subspaces are {0},V, Ker 4 = {xeV | Ax = 0}
and
Im A= {4Ax|xeV}.

1.2 Definition. Let A: V—J be a linear operator. A number A€C is called
an eigenvalue of A if there exists xeV such that x# 0 and 4x = Ax. The vector
x is called an eigenvector of A corresponding to A.

1.3 Theorem. Let 4 :’—V be a linear operator and A€ C. Then the following
are equivalent:

(a) Ais an eigenvalue of 4.

(b) A4 - Alis not injective.
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(©) A — Al is not surjective.
(d) A — Al is not invertible.
Proof. A is an eigenvalue of 4 <> JveV such that v 0 and Av = Av.
SA-A)v=0
< A — Al is not injective.
Thus conditions (a) and (b) are equivalent.

Clearly conditions (b), (c¢) and (d) are equivalent.

1.4 Theorem. Every linear operator on a finite-dimensional complex vector
space has an eigenvalue.

Proof. To show that 4 has an eigenvalvue, choose a non-zero vector ve V. We
consider the n + 1 vectors v, Av, A%v, ...,A" v. Since the dimension of Vis n, v,
Av, A%v, ..., A" v are not linearly independent.

Thus there exist complex numbers ao, ai, ...,an, not all zero such that apv + a1v
+...ta,A"v=0.

Make the a’s the coefficients of a polynomial, by the Fundamental Theorem
of Linear Algebra which can be written in factored form as

avtaz+...taZ"=c(z—n)... (- )m), m<n

wherem is largest positive integer such that a,# 0, ¢ is a non-zero complex
number, each y is complex and equation holds for all complex z. We then
have

apv +aiAv+ ... +a,A"v = 0
(al +arA+...+a, A"yv =0
(cA—nl) ... (A— D) v = 0.

We know that the composition of injective mappings is injective and v# 0.

Thus A — y/ is not injective for at least one j. In other words, 4 has an
eigenvalue.
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1.5 Proposition. Non-zero eigenvectors corresponding to distinct eigenvalues
of A4 are linearly independent.

Proof. Suppose that A1, ...,4, are distinct eigenvalues of 4 and v, ..., v, are
corresponding non-zero eigenvectors. We need to prove that vi, ...,v, are
linearly independent. Suppose that ai, ...,an are complex numbers such that

aivi + ... + amvm = 0. Apply the linear operator (4 — A2l) (4 — A1) ... (A — Anl)
to both sides of the equation above,

(A= oDy (A= Amd) ... (A= A D) (@1 + ... + Gm) = O.

Since we have (4 — 4; ) vy =0, j = 1,2, ..., m and two polynomials in the
same linear operator are commute, then we have

(A=) (A-AI) ... (A= Anl) (a1v1) =0.
But (4 — A4) vi= Avi — 4; () = Aivi — 4vi = (A1 — 4)vi for j= 1.

Thus a1 (A1 — A2) (A — A3) ... (&1 — Am) vi = 0. Since A’s are distinct
eigenvalues and v; is non-zero eigenvector, we get a1 = 0. In a similar fashion,
a; =0 for each ;.

1.6 Definition.  Suppose A4 V=V and AeC. The eigenspace of A
corresponding to A, denote by E(A, A), is defined by E(A4, A) = Ker (4— Al).

1.7 Theorem. Suppose V' is finite-dimensional and 4: V—V. Suppose also that
A1, ..., Am are distinct eigenvalues of A. Then E(Ai, A) + ... + E(Am, A) is a
direct sum and dim E(A1, A) + ... + dim E(An, A) < dim V.

Proof. We know that the null space of each linear mapping on ¥V is a subspace
of V.

Thus E(A1, A) + ... + E(An, A) 1s a subspace of V.

Take any xe E(11, A) NE(4;, A) for i#j.

So (A— Ai)x =0 and (4— 4) x=0.

Ax = Ai xand Ax = A;x this implies that 4; x = 4;x so (4i— 4)x=0.
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Since A’s are different, we get x = 0. Thus E(A1, 4) + ... + E(An, A) is a direct
sum of V.

Hence dim(E(41, A)+... +E(Am, A)) = dim E(L1, A) +...+ dim E(Am,A4) < dim V.

1.8 Remark. Non-zero eigenvectors corresponding to distinct eigenvalues of
A need not span V.

1.9 Example. The linear operator 4 :C>—C%defined by A(w, z) = (z, 0).
vV (w, z) #0, 0) and VA= 0in C, A (w, 2) # (z, 0).

Thus to get A(w, z) = 4 (w, z), 4 =0 is forced, and so 0 is only eigenvalue of
A. The set of eigenvectors corresponding 0 is {(w, 0) €C?) | weC} it is one
dimensional subspace of C2. Clearly (w, 0) cannot span C2.

2. Generalized Eigenspaces

2.1 Definition. Let A be an eigenvalue of a linear operator 4 : C"—>C". A

chain of vectors xo, x1, ...,Xx 1s called Jordan chain of A corresponding to A if
xo# 0 and the following relation hold:
Axo = Axo
Ax1— Ax1 = Xo
(1) Axo— Ax2 = x1
Axk— Axk = Xi-1
Xo is an eigenvector of 4 corresponding to A. The vectors xi, ..., xx are called

generalized eigenvectors of A corresponding to the eigenvalue A and
eigenvector xo.

Equation 2.1(1) can be written (A—Al)xo = 0,(4 — Al) x1= xo,..., (A—AD)xk = Xj-1.
So(A—ADxo=0, (4 —AD*x1=0,(4d—A’x2=0, ..., (4 — AI)"'xx = 0. Thus

we way calculate a Jordan chain into the form (4 — Al)*xx, (4 — AD 'y, ...,
(A4 — AD) xk, Xk.
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2.2 Definition. The subspace Ker (4 — Al) ?, integer p> 1 is called the
generalized eigenspace of A corresponding to eigenvalue A of A if Ker
(A4 — Aly= Ker (4 — AP for all integer i>p and is denoted by Rz (4). So
R (4) = Ker (4 — Al)? is the biggest subspace in (1). Since p<n we also have
Ri(A)={xeC" | (4 - Al)'x=0} =Ker (4 — AI)".

2.3 Proposition. The generalized eigenspace R (4) contains the vectors from
any Jordan chain of 4 corresponding to A and Ri(4) is A-invariant.
Proof. Let xo, ...,xx be a Jordan chain of 4 corresponding to A. Then
(A— DX = (4= ADF (A4 — Ad) xx
= (4 - AD"p1 = (4 — AD x40

= (A-A)xo
= 0.
Hence x;eRi(A4), i=0, ..., k.
If xe Ker (4 — Al)", then (4 — Al)"x = 0.
Thus (4 — A)" (Ax) = A((A — Al)"x) = A0 = 0.
Hence Ri(A4)=Ker (4 — Al)" is A-invariant.
2.4 Lemma. For any eigenvalue A of 4, then (the restriction linear operator of
Aon R (A4)), A| R, (4) has only one eigenvalue A.

Proof. Let A’ be eigenvalue of 4|z 4.

Then there exists nonzero eigenvector xeRi(A) such that 4x= A'x. Then
A-ADx=Ax—Ax=UN-A)x

(A= ADx = (A — Al (A — Ax = (A — (A — Ax = (2 — )x and s0 on, thus
we have (4 — A" = (A — )*x for each positive integer k. Since x is
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generalized eigenvector of 4 corresponding A, for some /, then (1’ — 1)’= 0,
thus we have 1A' = 4.

2.5 Lemma. If A4 : C">(C" be a linear operator, then non zero generalized
eigenvectors corresponding to distinct eigenvalues of A are linearly
independent.

Proof. Suppose Ai, ..., An are distinct eigenvalues of 4 and v, ..., v, are
corresponding non zero generalized eigenvectors. Suppose

(1) avi+ ...+ amvy,=0 for some scalars ai, ..., an.

Let k be the largest non negative integer such that (4 — Ai)vi= 0 and
(A — uD)*vi=w. Thus (4 — L)) w = (4 — LD)''vi = 0 and hence Aw = Liw.
Thus (4 — A) w= iw — Aw= (11 — Yw, VAeC. So (4 — AD)'w = (11 — A)'w,
VAeC, where n = dim C". Apply the linear operator

(A= ADf (A= AaD)" ... (A= AnD)" to (1)

(A= ADf (A= JaD)" ... (A= And)' @1 + ...+ am vm) =0
ar (A — D (A = Jal)" ... (A — Anly'vi = 0
ar(A—AaD)... (A= dn I'w=0

ar (A1 — 2a)'... (A1 — Am)'w = 0.

This implies that a1 = 0. In a similar fashion @; = 0 for each j. Thus vi, ..., vu
are linearly independent.

2.6 Lemma. Given a linear operator 4 : C"—>C" with an eigenvalue A, let ¢
be a positive integer for which Ker (4 - A)?= Ri(R). Then the subspace Ker (4
— Al)?and Im (4 — Al)? are direct complements to each other in C".

Proof. Since dim Ker (4 — A)? + dim Im (4 — Al)?= n, we have only to check
that Ker (4 — Al)?" Im (4 — A7 = {0}.

For a contradiction, assume that xe Ker (4 — Al)?N Im (4 — AD)?, x# 0.

Then x = (4 — Al)?y, for some y and (4 — AIy" x = 0 and (4 — Al)'x# 0 for
some integer #> 1. Thus (4 — A7 y = 0 and (4 — A" 'y= 0. So Ker
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(A — A7+ Ker (A4 — A7, This contradicts to definition of generalized
eigenspace.

2.7 Theorem. Let Ai, ..., A be all the different eigenvalues of a linear
operator 4 : C"—>C". Then (" decomposes into the direct sum

C" =R, (A)+...+ R, (A).

Proof. For n = 1. let A be an eigenvalue of A4, then there exists v= 0 in C”
such that 4v = Av. Since {v} is a basic of C", for each xeC"(4 — Al)x

= (A— A for some ueC. So we have (4 — Al)x = pulv — Auv = 0. Then
x€Ri(A). Thus C" =R, (4).

Let n> 1. Assume that the result holds for dimensions k=1,2, ..., n— 1.
Consider the eigenvalue A1.

C'=Ker (4 - Al)' +Im (4 - L))" = R, (4)+U. We know that Im (4 — 11"
= Uis A-invariant. Since R, (4)#0, we have dim U<n. By Proposition 2.3,
there does not exist generalized eigenvectors of 4|, corresponding to the
eigenvalue A1. Thus each eigenvalue of A4 |, corresponding to the eigenvalue

A1. Thus each eigenvalue of 4|, is in {4, ...,4;}. By induction hypothesis
U=R, (Aly)+---+R, (4]y). Thus c" =R, (A)+R), (4 |U)+"'+R/1,(A l)-
So we show that R;, (A) =R, (A|;) for k=2, ...,m. Take a fixed integer
ke {2, ..., m} and clearly R;, (Al c R, (A). Assume R;, (Aly)# R, (A).
Then there exists ve R, (4) but v R, (4|,). So we get veRﬂj (A|;) for
some j#k and hence veRﬂj (A). Thus veR/ik (A)lej (A). This contradicts

to lemma 2.5. So R, (4)=R, (4|,). Thus C" =R, (A)+:--+ R, (4).
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Figure 1

3. Jordan Subspaces

3.1 Definition. An A-invariant subspace M is called a Jordan subspace
corresponding the eigenvalue Ao of 4 if M is spanned by the vectors of some
Jordan chain of 4 corresponding to Ao.

3.2 Proposition. Let 4 : C"—>C" be a linear operator. Let xo, x1, ..., xx be a
Jordan chain of a linear operator 4 corresponding to Ao. Then the subspace
M = Span {xo, ..., xx} 1S A-variant.

Proof. We have 4xo = doxoe M where Ao is the eigenvalue of 4 and for i =1,
vy k, Axi = Aoxi + xi.1e€M. Hence M is A-invariant.

3.3  Theorem. Let 4 : C"—>C" be a linear operator. Then there exists a
direct sum decomposition

(1) C'=M+..+ M,

where M; is a Jordan subspace of A4 corresponding to an eigenvalue
Ai (A1, ..., Ap are not necessarily different).
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Proof. Assume A has only one eigenvalue Ao, (possibly with there are more
one eigenvalue, all equal to Ao).

Let Y, =Ker (4 — AolY, j=1,2, ..., m, where m is chosen Y, = R/10 (A) and
Y, # Ry (A). So Yichc ... Yy Let X, x") s a basis of ¥, modulo

Y. So x,(,p,. ..,x(t’") are linearly independent in set Y, such that

(2) Y, , +Span {x(l) ,x,(,fm)} =Y, (the sum is here direct)

Claim that the mt, vectors (A—A,))xWV ... (4=2,D x") k=0, ..., m-1

7)1’

are linearly independent. Let

m—1 t,

(3) ZZak(A D XD =0,  a,eC.

k=0 i=1

Apply (4 — Aol)y"" and use the property (A—A,0)"x\) =0, for i=1,

tm . lm .
Thus (4—A,1)™" {Z aioxfé)} =0. So Z ey |

i=1 i=1

By 3.3(2), Za’lox() €Y, NSpan {x(l) XY and s0 oy =--- =a, =0.
i=1
Apply (4 — AD)™? to 3.3(3) we show similarly that ¢, =---= a, 1=0 and so
on.
We put My = Span {(4-2,0)"xV, k=0, m-1
M, = Span {(4-2,1)" x?, k=0,...,m-1}

Span {(4—A ) x") k=0,...,m-1}.

=
I
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Since M; "M ; ={0} for i/, then the sum M) + Mz + ... + M, is direct. Now

consider the linear independent vectors x() =4~ ﬂol)x(’) i=1, .. tn
Claim that

1 2 "
“) Y2 Span x), X2y, o xly = {0},

Let Za W eY ,, a €C. Apply (4 — dol)™? to the left-hand side, we get

iXm=-1

(A- zOI)mZZa(A 2,DxD =0, So (4- /101)’"12& () —0, which

i=1
implies o =---=¢a, =0. So the equation 3.3(4) follows‘ Assume that
Y, ,+Span {x ;(1?1’ (t’")};tY Then there exist vectors

(t +1) (Lt
m—l N "9xm 1 "

and

)eY _, such that {x (l)_l l’”l s linearly independent

(5) Y +Span { (1) (tm+tm l)}

Xm—15+
Applying previous argument to 3.3(5) as with 3.3(2), we fine that the vectors
(A—=2y1 Y xh (A—ﬂol)kxf,iﬁf ) k=0,...,m—2 are linearly independent.

X1+

Now let M, = Span {(A- A5\ k=0,...m-2}

M, ., = Span {(A— A D) xn D ke =0,... . m-2}.

[

If Y, ,+Span{x () x )} Y, then t,.1=0.

ml’

At the next step put xV ) =(4-2,)x ., i=1,...,1

el +1t,_; and show similarly

m

mmm4m%mu“i=nw%+%ﬁ=wk

m—2»
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Assume that that Y, , mSpan{xf,Qz,i =L....t,+t, } #Y,_,, then there exist

vectors x,(,f)_z eY ,,i=t,+t, +1....t, +t, ,+t, such that
XD i=l o, v, are linearly independent and
@)

)/;,’173 + Spal’l {x’niz,l’ = 1,. . .,tm + t}’VI*l + tmiz} = )]’,’172.

We continue this process of construction of M, i = 1, ...p where
p:tm +tm_1 +...+t1.
The construction shows that each M; is Jordan subspace of 4 and M; + ... +

Mp is a direct sum. Also M +...+M, =R, (4)=C".

A
C‘l’l CI?

Figure. 2

3.4 Example. Let us consider the matrix

2 1.0 0 0
021 0 0
4=[0 0 2 0 0
00 0 2 1
00 0 0 2

lA-All=2-A)
A=2,2,2,2,2 are eigenvalues of 4.
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(01 0 0 0] (0 01 00 0 0 0 0
00100 00000 0000

A-2I=[0 0 0 0 0[,(4-2=0 0 0 0 O [(4=20*=|0 0 0 0
0000 1 00000 0000
0000 0 0000 0 0000

Y, = Ker(A-21)={Ae,+ Ae, | 4,4, are scalars}
Y, = Ker(A=21)" = {ne, + tye; + sy + piaes | i, pho, f1z, g are scalars}
Y, = Ker(A=21)’ = {6, + 11y, +115; +114€4 +71565 | 7,71, 75 +114 +75 are scalars}
K CY,c¥y=Ry(4)=C
e3 is a basis of Y3 modulo Y2 such that
Y> + span {e3} = Y3
Jordan subspace M| =Span{4— 2])2e3,(A —21)e;,e;} = Spanie;,e,,e;}
(A-21)ey=e, €Y,
Y, +Span{(4—-21)ey} # Y,
Jes € Y, such that {e, es} is linearly independent set.
Jordan subspace M>= Span {(A4 —21)es,es} = Spanie,,es}

M +M,=R,(4)=C’ =Y,

Y3
C3
S| €5
Y,
€ €4
Y

Figure. 3

S O O o O
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